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Abstract. In this paper, we present a complete symmetry analysis for the time fractional
nonlinear Poisson equation. A minimal symmetry algebra for any arbitrary function f(u) is
obtained. A group classication is then carried out by investigating for f(u) that give larger
symmetry algebras. Symmetries are obtained and some exact solutions are constructed.
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1. Introduction
Fractional dierential equation models are well known in the elds of science and
engineering. They are broadly used in applied mechanical and electrical engineering
to analyse the properties of materials. In geology, it is applied to obtain rheolog-
ical properties of rocks as well as a neuron model in biology [21, 20]. In recent
years, many methods have been developed to analyse and nd analytical solutions
to fractional dierential equations like Laplace transforms, Fourier transforms and
the decomposition method [32, 31, 16, 18, 19, 17, 33]. A Poisson equation belongs
to the class of well-known elliptic partial dierential equations that have several
applications in both science and engineering domains. Physically, the Poisson equa-
tion describes how a function diuses in space and is general form of the Laplace
dierential equation. A function that satises the Laplace equation is called the
harmonic function and is vital in the elds of uid dynamics, astronomy, complex
analysis and electromagnetism, among others [23, 15, 8].
A modern approach to the applications of Lie Symmetry theory remains a pow-
erful tool to study both deterministic and stochastic dierential equations [27]-[34].
Recently, Lie group theory has been extended to the class of fractional dierential
equations for the purposes of linearization, reduction in the number of independent
variables and nding analytical solutions, [36, 5, 40, 7, 2, 35, 24, 13, 11, 12, 10]. It
is worth noticing that the theory is still developing.
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The aim of this article is to use classical Lie symmetry theory to present a
complete group classication of the time fractional nonlinear Poisson equation with






= f(u); fuu 6= 0; (1)
where @
u
@t = u is the fractional derivative and u = u(t; x). To achieve this, we
begin by nding the Lie symmetry algebra for an arbitrary function f(u), and later
look for all possible functions f(u) for which larger symmetry algebras exist.
There is no unique denition of fractional derivatives [21, 20]. In this paper, we
use a Riemann-Liouville version given by
Dt u(t; x) =
8<:
@nu








(t )+1 n d; n  1 <  < n; n 2 N;
(2)
where   is a gamma function, and Dt satises the following properties [21, 20, 38]:
Dt& =
 (& + 1)
 (& + 1  ) t
& ;  > 0; t > 0;
D1 =
t 
 (1  ) ;   0; t > 0;
and






The fractional Riemann-Liouville integral of order  > 0 of a function [20, 6]








The fractional Riemann-Liouville integral has the following properties [20, 6]:
(I) For  > 0; t > 0,
D (I (f(t))) = f(t);
that is, the Riemann-Liouville fractional derivative is the left inverse of the
Riemann-Liouville fractional integral of the same order.
(II) If the fractional derivative of a function of order  is integrable, then








 (  j + 1) ;
where n = [] + 1 and if m < 0; Dmf(t) is dened as Dmf(t) = I m (f(t)) :
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2. Lie point symmetry analysis
We consider a one-parameter Lie group of innitesimal transformations in (t; x; u)
given by:
x = x+ (t; x; u) +O()
t = t+ (t; x; u) +O()
u = u+ (t; x; u) +O();
(3)
where  is the group parameter with the corresponding innitesimal generator of the
Lie algebra of the form
X = (t; x; u)
@
@x
+ (t; x; u)
@
@t




We prolong the innitesimal generator X to X to dene how u and uxx are
transformed [22, 11, 12], i.e.,







where xx and  are the prolonged innitesimals of order 2 and , respectively,
dened as:
xx =xx + (2ux   xx)ux   xxut + (uu   2ux)u2x   2uxuxut   uuu3x
  uuu2xut + (u   2x)uxx   2xuxt   3uuxxux   uuxxut   2uuxtux;
and
 = Dt () + D

t (ux) Dt (ux) +Dt (Dt()u) D+1t (u) + D+1t (u):
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is satised for every solution of (1). Evaluating equation (5), we have
 + xx   fu
u=f(u) uxx = 0: (6)
By substituting , xx in (6) and equating to zero, the coecients of various deriva-




t ux... for n = 1; 2:::, we obtain
a simplied system of determining equations as follows:
u = x = u = uu = t = 0; (7)











Dn+1t () = 0; 8n 2 N; (9)




+ uf   ft   u@
u
@t
+ xx   fu = 0: (11)
Next, we solve the above system (7){(11) to obtain the minimal symmetry algebra
for any nonlinear function f(u) as follows.
From equations (8) and (10)
xx = ux = 0; (12)
using (7) and (12), we obtain the following spatial innitesimal:
 = c1x+ c2: (13)





From (7), (9) and (12), we have
 = ru+ h(t; x): (15)
Dierentiating (11) with respect to u gives
fuu + tfu = 0: (16)
Dierentiating (16) with respect to u; leads to
ufuu + fuuu + tfuu = 0 (17)








Finally, dierentiating (18) with respect to u we obtain
2ufuufuuu + t (fuufuuu   fufuuuu) = 0; (19)
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and using (18) and (19) to eliminate u, we have:

 
f2uufuuu   2fuf2uuu + fufuufuuuu

t = 0: (20)
To avoid any restrictions on f(u), we consider t = 0; and it then follows from
(16), (13) and (14), respectively, that
 = 0;  = c2;  = c3 (21)
for any arbitrary function f(u): The lower limit of the integral in the denition of






Hence, equation (21) reduces to
 = 0;  = c2;  = 0:
Therefore, the fractional Poisson equation (1) admits a one-dimensional minimal






To search for a non linear function(s) f(u) that may give a larger symmetry algebra,
we assume t 6= 0: Using (14), (15), (18) and (20), we have
(2c1 + r)f
2
uu   2c1fufuuu = 0 (23)
and
f2uufuuu   2fuf2uuu + fufuufuuuu = 0: (24)
It can then be deduced from (15) and (16) that
 = ru+ s; (25)
where r; s are arbitrary constants. Solving (23) by using symbolic software Maple
we have the following cases:
(i) if r = 0, we have an exponential function in the form:
f(u) = c0e
ku + c; k 6= 0: (26)
(ii) if r =  2c1m 6= 0
f(u) =
(
(au+ b)m+1 + c if m 6=  1; 0
log(au+b)
a + c if m =  1:
(27)
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Similarly, to solve equation (24), i.e.,
f2uufuuu   2fuf2uuu + fufuufuuuu = 0;
we start by substituting H = fu in (24) to have
HHuHuuu   2HH2uu +H2uHuu = 0: (28)
From (28), we consider the following cases:
 If Huu = 0, then equation (24) has a quadratic solution, that is,
f(u) = au2 + bu+ c:









which can be integrated to have
log
HuuHH2u
 = k: (29)






Integrating (30) leads to ln jHu
Hd
j = c4, implying that HuHd = c5 and hence we
have the following cases:
{ If d = 1, we get f(u) of the form
f(u) = c0e
ku + c; k 6= 0:




+ c; a 6= 0:
{ If d 6= 1; 2, then H is of the form H = (au+ b) 11 c which gives
f(u) = (au+ b)n + c; n 6= 0; 1; 2:
Remark 1. Clearly, these solutions are similar to the solutions to equation (23).
Therefore, to look for extra symmetries, it is sucient to use (14), (27), (26) and
(25) in
uf   ft   fu = 0: (31)
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3.1. f(u) = c0e
ku + c; k 6= 0
From (31), (26), (25), (14) and (22), we found out that a larger symmetry algebra
is possible if c = 0 and s =  2c1k , i.e., for f(u) = c0e ku the fractional Poisson

















 = c1x+ c2;  =
2c1

t;  =  2c1
k
:
The admitted symmetry algebra forms a Lie algebra, the Lie bracket relations are
[X1; X2] = X1 and [X2; X1] =  X1:
3.2. f(u) = (au+ b)m+1 + c if m 6=  1; 0
Similarly, using (31), (27), (25), (14) and (22), we obtained a larger symmetry
algebra if c = 0, r =   2c1m and s =  2c1bam ; and the innitesimals are given as follows:
 = c1x+ c2;  =
2c1

t;  =  2c1
am
(au+ b) :



















The Lie bracket relations of the innitesimal generators (32) are given as
[X1; X2] = X1; and [X2; X1] =  X1;
which clearly satisfy the Lie algebra properties.
3.3. f(u) = log jau+bj
a
+ c, a 6= 0
From equation (31), using (27), (25) and (14), we note that no extra symmetry is
possible.
The results of the group classication are summarized in Theorem 1 below.







= f(u); fuu 6= 0




for any arbitrary function f(u): The larger symmetry algebra is possible with the
functions in Table 1.
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f(u) Extra innitesimal symmetry generators
f(u) = c0e
ku; k 6= 0 X3 = x @@x + 2t @@t   2k @@u
f(u) = (au+ b)m+1; m 6=  1; 0 X3 = x @@x + 2t @@t   2am (au+ b) @@u .
Table 1: Extra symmetry generators
4. Reductions and exact solutions
In this section, we use the admitted Lie symmetries of the nonlinear space-time
fractional Poisson equation to obtain symmetry reductions, thus constructing some
exact solutions where possible.
Denition 1. Given an innitesimal generator
X = (t; x; u)
@
@t
+ (t; x; u)
@
@x














This can be integrated to obtain similarity variables that are invariant under the
symmetries generated by X [4, 14].
4.1. f(u) = (au+ b)m+1; m 6=  1; 0
Example 1. Reduction and the exact solution to
Dt u+ uxx = au
m+1:
Using the sub-algebra X1 we have the similarity variables as
z = t; u =  (t);
where  (t) is the solution to the reduced fractional ODE
Dt  (t) = a 
m+1(t):











m ; m >  1; m 6= 0:
Example 2. Consider the Poisson equation
Dt u+ uxx = (au)
m+1; m 6=  1; 0: (34)
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Solving the above equation leads to the following invariant solution:
z = xt 

2 ; u =  (z)t 

m : (35)

















(z) is the well-known Erdelyi-Kober fractional dierential op-
erator [21, 20].
Proof. For 0 <  < 1; similarity transformation (39) can be written using the










(t  s) s  m (xs 2 )ds: (36)




















































































(z) is the well-known Erdelyi-Kober fractional dierential opera-
















(z); z;  ;  > 0
j =
(
[] + 1 if  6= N











(w   1) 1w (+) (zw 1 )dw if  > 0
 (z) if  = 0:
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4.2. f(u) = c0e
ku
Example 3. Consider equation (1) with f(u) = c0e
ku. The invariant solution
corresponding to the innitesimal generator X1 is
u =  (t);
which reduces (4) to a nonlinear fractional ODE
Dt ( (t)) = c0e
k (t): (37)
Taking the fractional integral on both sides of equation (37) and assuming that 0 <






(t  ) 1ek ()d: (38)
Every solution of (37) is also a solution to the integral equation (38) [20, 6].


















; z = xt 

2 ; (39)


















(z) is dened in Ex-
ample 2.
Remark 2. Since for any arbitrary nonlinear function f(u) the minimal symme-
try algebra X1 is admitted, we consider a function f(u) = u
2 + k4, which can be
transformed by using X1 to
Dt  (t) =  
2(t) + k4: (40)
Fractional ODE (40) has the following solutions [20, 22, 40], where k4 is an arbitrary
constant:





k4t; ) if k4 > 0
 pk4 cot(
p
k4t; ) if k4 > 0
 p k4 tanh( 
p k4t; ) if k4 < 0
 p k4 coth( 
p k4t; ) if k4 < 0
 (+1)
 (2+1) t
  if k4 = 0:
(41)
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5. Conclusion
We presented a complete group classication of a nonlinear time fractional Poisson
equation via Lie group transformation techniques. For any arbitrary function f(u),
a two-dimensional algebra was obtained and we proved that a four-dimensional sym-
metry algebra is possible only for the cases of exponential and polynomial functions.
Furthermore, using the Lie symmetry analysis we were able to transform the non-
linear space-time fractional Poisson equation for some exponential and polynomial
functions to one independent variable equation and as a result, some exact solutions
were obtained. In Table 2, we summarize invariant solutions, reduced equations and





Reduced equations Exact solution
Dt u+ uxx
= c0eku
X1 u =  (t) Dt ( (t)) = c0e












































m 6=  1; 0
X2 z = xt
 
2 ;















u =  (z)
Table 2: Table of solutions
Acknowledgement
The authors would like to thank the referees for their helpful suggestions and for
identifying several errors and typos, which greatly improved the quality and read-
ability of the paper. We equally thank the Editor for his patience.
References
[1] A.Y.Al-Dweik, On the conservation laws for a certain class of nonlinear wave
equation via a new conservation theorem, Commun. Nonlinear Sci. Numer. Simul.
17(2012), 1566-1575.
[2] M.M.Alshamrani, H.A. Zedan, M.Abu-Nawas, Lie group method and fractional
dierential equations, JNSA 10(2017), 4175{4180.
232 A.M.Nass, K.Mpungu and R. I. Nuruddeen
[3] H.Azad, M.T.Mustafa, M. Ziad, Group classication, optimal system and optimal
reductions of a class of Klein Gordon equations, Commun. Nonlinear Sci. Numer.
Simul. 15(2010), 1132{1147.
[4] G.Bluman, A.Cheviakov, S.Anco, Applications of symmetry methods to partial
dierential equations, Applied Mathematical Sciences, Springer-Verlag, New York,
2010.
[5] C.Chen, Y.-L. Jiang, Lie group analysis and invariant solutions for nonlinear time-
fractional diusion-convection equations, Commun. Theor. Phys. 68(2017), p. 295.
[6] E.Demirci, N.Ozalp, A method for solving dierential equations of fractional order,
J. Comput. Appl. Math. 236(2012), 2754{2762.
[7] E.H.El Kinani, A.Ouhadan, Lie symmetry analysis of some time fractional partial
dierential equations, Int. J. Mod. Phys. Conf. Ser. 38(2015), Article ID 15600751.
[8] M.Fixman, The Poisson-Boltzmann equation and its application to polyelectrolytes,
J. Chem. Phys. 70(1979), Article ID 4995.
[9] E.Fredericks, F.M.Mahomed, Formal approach for handling Lie point symmetries
of scalar rst-order Ito^ stochastic ordinary dierential equations, J. Nonlinear Math.
Phys. 15(2008), 44{59.
[10] M.Gaur, K. Singh, Symmetry analysis of time-fractional potential Burger's equation,
Math. Commun. 22(2017), 1-11.
[11] R.K.Gazizov, A.A.Kasatkin, S. Y. Lukashchuk, Continuous transformation
groups of fractional dierential equations, Vestn. USATU 9(2007), 125-135.
[12] R.K.Gazizov, A.A.Kasatkin, S. Y. Lukashchuk, Symmetry properties of frac-
tional diusion equations, Phys. Scr. T136(2009), Article ID 014016.
[13] J.Hu, Y.Ye, S. Shen, J. Zhang, Lie symmetry analysis of the time fractional KdV-
type equation, Appl. Math. Comput. 233(2014), 439{444.
[14] N.H. Ibragimov, Elementary Lie group analysis and ordinary dierential equations,
John Wiley and Sons, Chichester, 1999.
[15] A. Jozwikowska, Numerical solution of the nonlinear Poisson equation for semicon-
ductor devices by application of a diusion-equation nite dierence scheme, Journal
of Applied Physics 104(2008), Article ID 063715.
[16] K.A.Khali, R. I. Nuruddeen, K.R.Raslan, New structures for the space-time
fractional simplied MCH and SRLW equations, Chaos Solitons Fractals 106 (2018),
304-309.
[17] K.A.Khalid, R. I. Nuruddeen, Analytical treatment for the conformable space-time
fractional Benney-Luke equation via two reliable methods, International Journal of
Physical Research 5(2017), 109{114.
[18] K.A.Khalid, R. I. Nuruddeen, K.R.Raslan, New hyperbolic structures for
the conformable time-fractional variant boussinesq equations, Opt Quant Electron
2018(2018), 50{61.
[19] K.A.Khalid, R. I. Nuruddeen, R.H.Adel, New exact solitary wave solutions for
the extended (3 + 1)-dimensional Jimbo-Miwa equations, Results in Physics 9(2018),
12-16.
[20] A.A.Kilbas, H.M. Srivastava, J. J. Trujillo, Theory and applications of frac-
tional dierential equations, North-Holland Mathematics Studies, Vol. 204, Elsevier,
Amsterdam, 2006.
[21] V.Kiryakova, Generalized fractional calculus and applications, Pitman Research
Notes in Mathematics Series, Longman Scientic and Technical, Harlow, 1994.
[22] Y.Laskri, N.Tatar, The critical exponent for an ordinary fractional dierential
problem, Comput. Math. Appl. 59(2010), 1266{1270.
[23] Y.-Y. Li, Y. Zhao, G. -N.Xie, D.Baleanu, X. -J. Yang, K. Zhao, Local fractional
Group classification of the time fractional nonlinear Poisson equation 233
Poisson and Laplace equations with applications to electrostatics in fractal domain,
Adv. Math. Phys. 2014(2014), Article ID 590574.
[24] S.Y. Lukashchuk, A.V.Makunin, Group classication of nonlinear time-fractional
diusion equation with a source term, Appl. Math. Comput. 257(2015), 335{343.
[25] A.M.Nass, Symmetry analysis and invariants solutions of Laplace equation on sur-
faces of revolution, Adv. Math. Sci. J. 3(2014), 23{31 .
[26] A.M.Nass, Lie symmetry analysis and exact solutions of fractional ordinary dier-
ential equations with neutral delay, Appl. Math. Comput. 347(2019), 370{380.
[27] A.M.Nass, Symmetry analysis of space-time fractional Poisson equation with a delay,
Quaest. Math., doi: 10.2989/16073606.2018.1513095.
[28] A.M.Nass, E. Fredericks, Symmetry of jump-diusion stochastic dierential equa-
tions, Global and Stochastic Analysis 3(2016), 11{23.
[29] A.M.Nass, E. Fredericks, Lie symmetry of Ito^ stochastic dierential equation
driven by Poisson process, American Review of Mathematics and Statistics 4(2016),
17{30.
[30] A.M.Nass, E. Fredericks, W-symmetries of jump-diusion Ito^ stochastic dieren-
tial equations, Nonlinear Dyn. 90(2017), 2869{2877.
[31] R. I. Nuruddeen, L.Muhammad, A.M.Nass, T.A. Sulaiman, A review of the in-
tegral transforms-based decomposition methods and their applications in solving non-
linear PDEs, Palest. J. Math. 7(2017), 262{280.
[32] R. I. Nuruddeen, A.M.Nass, Exact solutions of wave-type equations by the Aboodh
decomposition method, Stochastic Modeling and Applications 21(2007), 23{30.
[33] R. I. Nuruddeen, A.M.Nass, Exact solitary wave solution for the fractional and
classical GEW-Burgers equations: an application of Kudryashov method, Journal of
Taibah University 12(2018), 309{314.
[34] L.V.Ovsiannikov, Group analysis of dierential equations, Nauka, Moscow, 1978.
[35] K. Singla, R.K.Gupta, Generalized Lie symmetry approach for fractional order sys-
tems of dierential equations III, J. Math. Phys. 58(2017), Article ID 061501.
[36] K. Singla, R.K.Gupta, Spacetime fractional nonlinear partial dierential equations:
symmetry analysis and conservation laws, Nonlinear Dyn. 89(2017), 321-331.
[37] C.W. Soh, F.M.Mahomed, Integration of stochastic ordinary dierential equations
from a symmetry standpoint, J Phys A Math Theor. 34 (2001), 177{194.
[38] V.E.Tarasov, On chain rule for fractional derivatives, Commun. Nonlinear Sci.
Numer. Simul. 30(2016), 1{4.
[39] G. Unal, Symmetries of Ito^ and Stratonovich dynamical systems and their conserved
quantities, Nonlinear Dyn. 32(2003), 417{426.
[40] W.Wang-wei, X.Tian-zhou, F.Tao G.Wang, T.Xu, T. Feng, Lie symmetry
analysis and eExplicit solutions of the time fractional fth-order KdV equation, PLOS
ONE 9(2014), 1{6.
